The question of whether the equations governing the motion of an inviscid, incompressible fluid admit solutions representing steady vortex rings has not been studied widely, despite the central place of such rings in the theory of vortex motion initiated by Helmholtz [1] By a steady vortex ring we mean a figure of revolution si that is expected to be homeomorphic to a solid torus in most cases, and is associated with a continuous, axi-symmetric, solenoidal vector field q (the fluid velocity) defined in a cylinder V or in the whole of R 3 , and having the following properties when we take axes fixed in the ring si. (a) Both si and q do not vary with time; (b) the vorticity <o = curl g has positive magnitude in si, vanishes in V -si or R 3 -si, and satisfies a nonlinear equation of motion which, among other things, determines the boundary of st\ (c) q has a prescribed normal component on dV, or tends to a constant value at infinity in R 3 . For the case of a cylinder F these requirements lead to equations (1) and (2) below, and we solve the resulting problem by means of the calculus of variations in the large [7] , [8] . We also use Steiner symmetrization [9] , the generalized maximum principle [10] and certain a priori estimates to describe the solution and to deal with two limiting cases : (i) that when the nonlinear term in the differential equation (2a) is discontinuous, and (ii) that when the domain of q is the whole of R 3 (so that the usual compactness theorems, needed for the solution of variational problems, do not hold). 
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We seek a stream function
(1) ¥(r, z) = i^(r, z) -i^r 2 -fc (W = const > 0, k = const ^ 0), such that the velocity vector field q has components ( -T 2 /r, 0, T r /r) in the directions (r, 0, z) increasing; \j/ is to be the stream function of the velocity field induced by a steady vortex ring ; -\Wr 2 represents a uniform stream; and k is a flux constant which is zero for Hill's vortex and very large for rings of small cross-section.
The problem of finding a steady vortex ring in V may be formulated as follows. Given W, /c, a vorticity function ƒ as in (3) (2) is an element \j/ e S(rj) and a number X such that (6) <p, </,> = X ƒƒ ç>/OF) for all cp e H(D).
This condition characterizes a critical point \j/ of the restriction to the sphere S(rj) of the functional
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Note that the integral over D need be taken only over the set
which becomes the cross-section A^ of the vortex ring when u = ij/, and similarly in (6) . A variational argument [7] , [8] and Steiner symmetrization [9] about the line z = 0| of any function possibly maximizing J on S(rç), then lead to Here the strict inequality \\i z < 0 in D+ is obtained by proving that da 2 /dz is weakly subharmonic in V' = {X e V\X 1 > 0, X 3 > 0} and by appeal to generalized maximum principle [10] . Moreover, if the function ƒ is C' and convex, the set A^ is simply connected.
3. The case of discontinuous vorticity. Let ƒ (t) have a simple discontinuity at t = 0, corresponding to a jump in vorticity at the boundary dA^ of the cross-section of the vortex ring. The only change in (3) is that we weaken the qualification in (3c) to t ^ s > 0; then the limit ƒ(() + ) exists, and we suppose that the inequality ƒ (t) ^ 1 + (Mt) m , t > 0, still holds.
